FAIRFIELD COUNTY MATH LEAGUE (FCML) 2014-2015

Match 1 Round 1
Arithmetic: Percents

1) 60

2) 6

3) 13, 26

1) A number N is increased by 20% and 5 is added to the result. If this sum is decreased
by 30%, the result is 53.9.  Find N.

0.7(1.2N + 5) = 53.9
0.84N + 3.5=53.9
0.84N = 50.4
N=60
100

2) 60% of (X+9) is equal to (10X+3)% of - Find X.

0.6(X+9) = ((10X+3)/100)(100/7)

0.6(X+9) = (10X+3)/7

0.6X + 5.4 = (10X+3)/7

42X +37.8=10X+3

34.8 =5.8X

X=6
3) 20% of the students who applied to State U. from Rufus High School were accepted.
26% of the students who applied to State U. from Buford High School were accepted. If
there were 150 students in total who applied from the two high schools, Y% of the total
number of students who applied were accepted, and Y is an integer, what are all possible
values for the number of students who were accepted to State U. from Buford High
School.
Let x = # of students who applied from Rufus HS, z = # of students who applied from
Buford HS. 0.2x + 0.26z = 0.01Y(150) = 1.5Y, and x+z=150. Solve x+z=150 for x to
get x=150-z, and substitute into the first equation to get 0.2(150-z) + 0.26z = 1.5Y,
so 30-0.06z=1.5Y.
We know Y must be between 20 and 26. Both Y and z must be integers, and 26% of z
must also be an integer If Y=21, 0.06z=1.5, so z is 25, but 0.26(25) is not an integer. . If
Y=22, 0.06z=3, so z=50, and 0.26(50)=13. OK. If Y=23, 0.06z=4.5, and z=75, but
0.26(75) is not an integer. If Y=24, 0.06z=6, so z=100, and 0.26(100)=26. OK. If
Y=25, 0.06z=7.5, and z=125, but 0.26(125) is not an integer. So 13 or 26 are the possible
values.



FAIRFIELD COUNTY MATH LEAGU
Match 1 Round 2
Algebra I: Equations

1.) Solve for a:
3- 2(a- 4a-1)=1- 4(a- 2(a- 3))

3-2(a- 4a+4))=1- 4(a- 2a+6)
3-2(-3a+4)=1- 4(-a+6)
3+6a-8=1+4a- 24
6a- 5=4a- 23
2a=-18
a=-9
2) Solve for b:
(2b+5)(3b- 4)- (b+4)(5b- 2)=(b+10)(b- 3)
(66° +7b- 20)- (5b° +18b- 8)=b*+7b- 30
b*-11h- 12=h*+T7b- 30
-11p-12=7h- 30
18=18b
b=1
3) Solve for c:
0.3¢- ctb_c-15
c-5
4(c- 5)0.3c- (c- 5)(c+6)=4(c- 15)
1.2¢% - 6¢- (¢ +c- 30)=4c- 60
0.2¢*- 7c+30=4c- 60
0.2¢*-11c+90=0
c? - 55¢+450=0
(c-10)(c- 45)=0
c=10,c =45

E (FCML) 2014-2015

1) -9
2) 1
3) 10, 45



FAIRFIELD COUNTY MATH LEAGUE (FCML) 2014-2015

Match 1 Round 3
Geometry: Triangles

And Quadrilaterals 1. . 3\/§ + 3\/5 +6 cm
2) 16+/3 cm
3. bBdcmors56cm
D
Cc
A "B

1) If angles ABC and ACD are right angles, AC=6 cm, and BC=CD=3 cm, find the
perimeter of quadrilateral ABCD.

AB=(AC?-BC?) = /6% - 32 =33 62 +3* =3/5. AD=+ (AC?+
CD?)= /62 +32 =35. Perimeteris 3J/3+3/5+6

2.) A rhombus with side length 4 cm has one angle of 60 degrees. What is the product of
the diagonals of the rhombus?
One diagonal of the rhombus splits the rhombus into 2 equilateral triangles of side 4. The

2
4 f = 4\@, so the total area is 16«/5 8\/§. The total area is half the

product of the diagonals, so the product of the diagonals is16+/3
H

area of each is

F

3. The area is 168 cm?, so the diagonals must multiply to 336. There must be 4 integers
that multiply to 336, 2 of which are identical, since one diagonal bisects the other.
336=14*24 and is also equal to 16*21. Using 16*21, the 2 identical sides could be 8 and
8, and those would be part of Pythagorean triples 6-8-10 and 8-15-17, and 6+15=21, so
you would have 2 triangles with hypotenuse 10 and 2 triangles with hypotenuse 17,
which gives a solution of 54 cm. Using 14*24, the 2 identical sides could be 12 and 12,
and those would be part of Pythagorean triples 5-12-13 and 9-12-15 and 5+9=14, so you
would have 2 triangles with hypotenuse 13 and 2 triangles with hypotenuse 15, which
gives a solution of 56 cm.



FAIRFIELD COUNTY MATH LEAGUE (FCML) 2014-2015

Match 1 Round 4

1) a=
Algebra 2:

Simultaneous Equations

1.) Solve for a and b:
1.25a- 0.4 =1

0.75a+0.01»=3.1

Multiply first equation by 40, second equation by 10
50a- 165 =40

75a+b=310

Multiply first equation by 3 and second equation by -2
150a- 48b =120

- 150a- 2b =-620
add these together to get -50b = -500, so b=10. 1.25a-4=1, so 1.25a=5, so a=4.

2.) Solve for ¢ and d:

ou - 6v=E
2



Multiply by 5 and 2

10u+20v=-21
10u- 12v=11
Subtract
32v=-32
v=-1s0
-1=—E—3d=-4
d+3
10u- 12(- 1) =11,
10u+12 =11,

-1
lOu—-lu—Ia
-1 1
10 c-4
c=-6
10u-12(- 1) =11,
10u+12 =11,

-1
1Ou—-lu—16
-1 1
10 c-4
c=-6

3) Find all values of k such that the system below has infinitely many solutions (x,y,z):



-2kx+3y-z=6
3x+ky+2z=13
12x+25y-11z=-34
Eliminate z

-4kx+6y- 2z=12
3x+ky+2z=13
(-4k+3)x+(6+k)y=25
and

33x +11lky+222 =143
24x+50y- 22z=-68
57x+(11k+50)y =75

Since 3*25=75We need
3(6+k)=(11%k+50),3(- 4k +3) =57
18+3k =11k +50,- 4k+3=19
-8k =32,- 4k =16, 50

k=-4



FAIRFIELD COUNTY MATH LEAGUE (FCML) 2014-2015
Match 1 Round 5

Trig: Right Triangles 1) 12+43+42
2) 24/39
' 13
24+/5 - 152
3 — 10 -

1.), For AABC, an altitude is drawn from C and intersects E at point D. If
tan(DCBA) =1 and sin(BCAB) =0.5 and CD = 4, what i the perimeter of AABC?

C

A D B
tan (DCBA) =1, and CD=4, so BD=4 and BC=42.

Sin(®CAB) =0.5, so since CD=4, AC=8, and AD=4+/3. The sum of the sides of
AABC is

2) Atree is located a certain horizontal distance from an observation tower. When
viewed from the top of the tower, the angle of depression to the top of the tree is 30
degrees. When viewed from the bottom of the tower, the angle of elevation to the top of
the tree is x degrees. If the tower is 3 times as tall as the tree, what is COS(x) ?

30

2y 60

Tower z

y Tree




tan(60) = —
(60) 2

z=y(24/3)

The length of the line from the bottom of the tower to the top of the tree is

Y2 +(23) =13

23 239
cos(x) = NE =
yW13 13

3.) Intriangle ABC below, B C is aright angle, cos(BPBAC) = %

COS(DBDC) :%, and BC =6. What is the length of AD?

B
A D C
2J_
cos(BBDC) ——\ sin(®BDC) =22 tan(PBDC) = 24/2 , so
6 6 _ 3J§
Y
cos(BBAC) = %Sin(DBAC) = ? tan(®BAC) = ?
COS(DBAC) = %, Sin(DBAC) = ?’ tan(DBAC) — %

2 AC AC J5 5
125 3J2 _24\5 15V2 _244/5- 152

5 2 10 10 10

J5 _BC_ 6 \ oz 12 _1245

AD =




FAIRFIELD COUNTY MATH LEAGUE (FCML) 2014-2015

Match 1 Round 6 L 13
Coordinate Geometry ' 0
2) 217
-13
3)  —
6

1.) Point A has coordinates (-5, -3), point B has coordinates (3,-6), and point C has

coordinates (1,2). A median of AABC is drawn from point C to side AB. Find
the slope of the line containing the median.

2- (-45)_65_13
1-(-1) 2 4

The midpoint of segment AB is (-1,-4.5). The slope is then

2.) 2x-3y=6 bisects the segment with endpoints (a,5) and (8,7). Find the length of the
segment.

The y-coordinate of the midpoint is 6, and must solve 2x-3y=6, so if 2x-3(6)=6, then

2x=24 and x=12. If the midpoint has x-coordinate 12, then a must be 16. The length

is then /(16 - 8)> +(7- 5)* =+/68 = 2/17

3.) Anisosceles trapezoid has its longer base with endpoints (-5,7) and (4,-5). The

2
shorter base is § of the length of the longer base. One of the endpoints of the

-4
shorter base has coordinates (k,6). Find k. The longer base has slope — and

length \/(4 - (-5))* +(- 5- 7)* =15, so the shorter base has length 10. Since
the trapezoid is isosceles, the shorter base forms one side of a rectangle with the
middle 10 units of the longer base. If you cut the longer base into 6 equal parts,
the middle 10 units, go from (-3.5, 5) to (2.5,-3). The slopes from each of those



: 3 : N
points to the longer base must be Z so the x-coordinate of the point with y-

-13
coordinate 6 must solve 6-5= E(x+3.5), so 1= §x+ E S0 X= 8 - ﬁ
4 4 8 3 6

4



FAIRFIELD COUNTY MATH LEAGUE (FCML) 2014-15 Match 1 Team Round

15410 - 204/5 7 9+.13
1) 4) L
2 3 2
2) 35 5) 25 - 12
—— 5 ———— —
3)  x=200,y=10,2=50 6) 20
1)
H G
J
E F

1. Isosceles trapezoid EFGH has EH = 5\/5 and angle HEF measures 45 degrees.

The area of the trapezoid is 75 cm?. Diagonal EG measures 5+/10 cm. The
median of AEGH from angle H is drawn to point Ion £G. The angle bisector of
angle EHG intersects £G at point J. What is the length of segment 1.J?

Since angle HEF is 45 degrees and EH = 5\/5, each of the triangles on either side of the
trapezoid must be isosceles right triangles of side 5, so they each have area 12.5 cm?, so a
total of 25 cm?. That means GH must be 10, since the height of the trapezoid is 5, and
the middle rectangle of the trapezoid must give the other 50 cm2.  The distance El is

@ by definition of median. The angle bisector of angle EHG splits GE into the
same ratio as GH to HE, so let x = EJ.

52 _ X

10 5/10- x
Then 10x = 25+/20 - 5x+/2, 50 10x = 2520 - 5x+/2, and

505

xX=—""_
104542



Subtract this from (1/2) the length of the diagonal

5/10 505 _
2 10452
5/10  505(10- 5\2) _
2 (10+5J2)(10- 5v2)
510 50045 - 2504/10

510
2

2 50
12510 500+/5- 250410 _
50 50 B
375110 - 500+/5
50
_1510- 2045
2

2.) AABC has vertices A(2,6), B(1,4), and C(3,5). Find the length of the altitude
from point Ato BC.

The altitude from (2,6) to the segment joining (1,4) and (3,5) must have slope -2,

-6 1

s0 2> =-2 and y==x+3.5, s0 (0.5x+3.5)-6=-2(x-2), s0 0.5x-2.5=-
x-2 2

2x+4,

So 2.5x=6.5, so x=2.6, and y=(0.5)(2.6)+3.5 = 4.8. The altitude has length

\/(2.6- 2)°+(4.8- 6) =4/0.36+1.44 =1.8 = \/g

35
5




3.) X% of Y =2-30. Y% of Z=0.025X. Z% of X =10Y. Find x, y, and z.
L xy=,.30, L=t 2 xy =10y
100 100 40 100

Xz
Xy=100z-3000, 40yz=100x, xz=1000y, so y =
1000

, Substitute this for y into the two

T x 2 —;30
100 1000
Xz * = i
10000 40
The x’s cancel from the second equation to get 4072=10000, so z2=2500, so z=50.
2
Then 20x
100
*
2000%50 _ -

10000

other equations.

=50- 30, so 50x?=2000000, x>=400000, and x=200. Then y=

4.) In AKLM, K has coordinates (1,3), L has coordinates (x,5), and M has coordinates
(2,x). Find all possible real values of x such that AKLM is a right triangle.

If there is a right angle at K, then S- X =- , Or, SO
x-2 5-3
x-1
7
-2X+6=x-1, so 3x=7, and Xx= — . If there is a right angle at L, then

5—x:_ 1 < x—5:x—1
x- 2 5-3" x-2

x-1
solutions since the discriminant is negative. If there is a right angle at M, then
5-x_ 1 5-x _ -1 x-5_

- or = . or =
x-2 x-3 x-2 x-3

x-2  x-
9++/13
2

, and x2-3x+2=2x-10, so x?-5x+12=0. No real

. S0 X2-8X+15=x-2, S0 X?-

w

2-1

Ix+17=0, so x=



d+1 d+3 d+5_25
4 6 d

5.) Find all values of d such that

d+l d+3 d+5_25
2 4 6 d
Mult.by 12d

6d(d+1)- 3d(d+3)- 2d(d+5) =300
6d° +6d- 3d° - 9d - 24> - 10d =300
d?-13d- 300=0

(d- 25)(d +12) =0

d=25 or d=-12
C

A B

6.) Right triangle ABC above has a right angle at C. If tan(BABC)=2 and AB=10,

what is the area of the triangle?
Draw the altitude from angle C to segment AB to meet at D.

C tan(DABC) =2,
sin(BABC) = 2cos(DABC) = 2sin(BBAC)

sin(PABC) = %,sin(DBAC) = j—?

p B :
BCsin(BABC)=ACsin(BBAC)
BC*2sin(BBAC)=ACsin(BBAC)
AC=2*BC
J(BCY? +(2* BCY’ =10
5*(BC)’ =100, BC =4/20,4C = 24/20.

_ 2

3

x 2

DC=BCsin(DABC) = /20 NG

If tan (E)ABC):Z, then sin (E)ABC)

So the area is (1/2)*10*4 = 20.



